Abstract. Let U/C be a smooth quasi-projective variety of dimension d, CH r (U, m) Bloch's higher Chow group, and cl r,m :
Introduction
Let U/C be a smooth and quasi-projective variety of dimension d, CH r (U, m) Bloch's higher Chow group, and cl r,m : CH r (U, m; Q) → Γ H 2r−m (U, Q(r)) , the Betti cycle class map, where Γ H 2r−m (U, Q(r)) := hom MHS Q(0), H 2r−m (U, Q(r)) .
If m = 0, then by a standard weight argument (see [Ja1, ), the Hodge conjecture implies that cl r,0 is surjective. Beilinson once conjectured that cl r,m is always surjective [Be] . However unless U is given by base extension from a smooth quasi-projective variety over a number field, it is known that this conjecture is too optimistic [Ja1, Cor. 9 .11].
Consider these three statements:
(S1) cl r,m : CH r (X, m; Q) → Γ H 2r−m (X, Q(r)) is surjective for all smooth complex projective varieties X; (S2) cl r,m : CH r (U, m; Q) → Γ H 2r−m (U, Q(r)) is surjective for all smooth complex quasi-projective varieties U; (S3) lim(cl r,m ) : CH r (Spec(C(X)), m; Q) → Γ H 2r−m (C(X), Q(r)) is surjective for all smooth complex projective varieties X.
Note that (S1) for m = 0 is equivalent with the Hodge conjecture (with rational coefficients as opposed to the original version with integral coefficients that was disproven by Atiyah-Hirzebruch by showing the existence of non-algebraic torsion classes), and that it is trivially true for m > 0 because then Γ H 2r−m (X, Q(r)) = 0. Also, CH r (Spec(C(X)), m; Q) = 0 for r > m in (S3) because of dimension reasons.
When m = 0, all three statements (for all r ≥ 0) are equivalent (as one sees using a localization sequence argument, and Deligne's mixed Hodge theory, as on [Ja1, ). However as we shall see in this paper, the statements are independent of each other: (S1) is expected to be true, we conjecture (S3) to be true, and show (S2) to be false in general. There is some evidence ([A-S], [Sa] , [A-K] , [MSa] ) that (S2) holds in the special case r = m, and the results in this paper are consistent with this. In [SJK-L] we provided some evidence that (S3) is always true, and in particular, (S3) can be viewed as an appropriate generalization of the Hodge conjecture.
In this paper we address a number of issues, namely:
• Necessary and sufficient conditions for cl r,m , and lim(cl r,m ) to be surjective, in terms of kernels of (reduced) higher Abel-Jacobi maps. This is worked out in Theorem 4.9 and subsequent examples, as well as in Corollary 6.9 below. Naturally this leads to a generalized notion of decomposable classes, which is discussed in Section 8. Also, in Theorem 5.1 we exhibit counterexamples to the surjectivity of cl r,m in (S2) in all cases where it is not trivially true or where one might reasonably expect this surjectivity (namely r = m or m = 0).
• The story can be worked out with integral coefficients in the case r = m, and in particular, we are interested in the nature of the map d log m : CH m (Spec(C(X)), m) → H m (C(X), Z(m))∩F m H m (C(X), C).
We prove in Section 7 that the torsion subgroup H m (C(X), Z(m)) tor of H m (C(X), Z(m)) is trivial 1 (hence this intersection makes sense!). The combination of Theorem 1.1 and Conjecture 1.2 below would imply that d log m is surjective. We also relate d log m to the map
for l a non-zero integer, which is now known to be an isomorphism.
(This is the former Bloch-Kato conjecture 2 , for the field C(X).) Thus the conjectured surjectivity of d log m can be thought of as a Hodge theoretic version of the Bloch-Kato conjecture. Note that lim(cl m,m ) equals d log m ⊗ Q : CH m (Spec(C(X)), m; Q) → Γ H m (C(X), Q(m)) .
As mentioned above, the classical Hodge conjecture, as originally formulated by Hodge with integral coefficients, is false. But we wish to remind the reader that it is false with integral coefficients even modulo torsion (see [Lew, p.67] ), albeit expected (by optimists) to be true with rational coefficients. The following statement, again proven in Section 7, therefore seems rather remarkable.
What this theorem tells us is that the Hodge theoretic analog of the Bloch-Kato conjecture is the surjectivity of lim(cl m,m ). Quite generally we expect that the following is true. Conjecture 1.2. For all r, m ≥ 0, statement (S3) holds.
By our earlier remarks this conjecture includes the Hodge conjecture and relates it to the (now proved) Bloch-Kato conjecture.
The authors wish to thank Spencer Bloch, Hélène Esnault, Marc Levine and Chuck Weibel for useful conversations and/or correspondence.
Notation
(i) Unless otherwise specified, X is a smooth complex projective variety of dimension d, and U is a smooth complex quasi-projective variety.
Let A ⊆ R be a subring.
(ii) A(r) := (2πi) r A (Tate twist).
(iii) If H is an A-mixed Hodge structure (MHS), then we write
is the higher Chow group defined in [Bl] , and CH r (V ) := CH r (V, 0). 
Weight filtered spectral sequence
We provide a breezy review of some of the ideas in [K-L, Section 3.1]. We first recall the definition of the higher Chow groups. Let V /C be a quasi-projective variety. Put z r (V ) = free abelian group generated by subvarieties of codimension r in V , ∆ m the standard m-simplex, and
i ∂ i where ∂ i is the restriction to the i-th codimension 1 face.
We also need to recall the cubical version. Let m := (P 1 \{1}) m with coordinates z i and 2 m codimension one faces obtained by setting z i = 0, ∞, and boundary maps ∂ = (−1)
denote the restriction maps to the faces z i = 0, z i = ∞ respectively.
The rest of the definition is completely analogous for z r (V, m) ⊂ z r (V × m ), except that one has to quotient out by a subgroup of degenerate cycles. It is known that both complexes are quasi-isomorphic ( [Bl] ). Now write U = X\Y , where X/C is a smooth projective variety of dimension d, Y = Y 1 ∪ · · · ∪ Y n ⊂ X a NCD with smooth components. For an integer t ≥ 0, put Y
[t] = disjoint union of t-fold intersections of the various components of Y , with corresponding simplicial scheme
There is a third quadrant double complex
whose differentials are ∂ vertically (∂ as coming from the definition of Bloch's higher Chow groups), and Gy (= Gysin) horizontally. To the corresponding total complex s • Z(r) with D = ∂ ± Gy are associated the two Grothendieck spectral sequences E p,q i
. The second spectral sequence, together with Bloch's quasi-isomorphism
The first spectral sequence has E i,j
The corresponding filtration on s • Z(r) also induces a "weight" filtration
which is characterized by the injection
It is easy to check that
The image of the cycle class map
Our main goal in this section is to prove Theorem 4.9, which provides necessary and sufficient conditions for the surjectivity of cl r,m : CH r (U, m; Q) → Γ H 2r−m (U, Q(r)) . The obstruction to surjectivity will be explained in terms of kernels of Abel-Jacobi maps for the higher Chow groups. We fix U, r ≥ 0 and m ≥ 0. Of particular interest is the top residue
.) We use this to study the cycle class map cl r,m via the commutative diagram
where the injectivity of the map on the bottom row follows from the fact that Γ W −1 H 2r−m (U, Q(r)) = 0. (In general we use Q-coefficients because weight filtration in Hodge theory is defined for such coefficients. Exceptions to this situation are discussed in sections 6 and 7.) With regard to the morphism
where we abbreviate W j H 2r−m (U, Q(r)) to W j and similarly for Gr 
and, for 0 ≤ k ≤ m,
Using the differentials d 1 := Gy, d 2 , . . . , d m we claim that there is a commutative diagram of exact sequences for each k = 1, . . . , m (4.5)
where h k is the obvious map, λ k is the Abel-Jacobi map (defined explicitly in Section 10 below), and where the α k 's are characterized as follows. If we assume α k is defined, then the definition of α k+1 is dictated by imposing commutativity in (4.5). Thus we need only define α 1 , and show that
The latter will be proven in Section 10. Note that, as implicit in (4.3), cl r,m is the composition
and that there is a map β = β r,m : E
, which is an isomorphism when r = m, and is surjective for all r and m under the assumption of the Hodge conjecture. We let α 1 = κ • β in the diagram (with κ the obvious map) (4.6)
. Then (4.6) and (4.5) commute (see Theorem 10.1).
With regard to the diagram (4.5) above, it is obvious that
We have inclusions
where on the left we have equality as W −m−1 = 0 and E −m,0
, and the right-most inclusion is an equality if Γ H 2r−m (U, Q(r)) ⊆ im(β) (e.g., if β is surjective). We mention in passing the following result:
Proof. From (4.5) we get ker(α m+1 ) = · · · = ker(α 1 ), and we apply the inclusions above.
A slight tweaking of Proposition 4.7 together with diagrams (4.5) and (4.6) leads to:
Saito [MSa] . Also see [K-L] .] Assume the Hodge conjecture, and that the Bloch-Beilinson conjecture holds, viz ., for all smooth projective V /Q, the Abel-Jacobi map AJ : CH
, is injective for all r and j. If U is obtained from a smooth quasi-projective variety over Q by base change to C, then for all r and m, cl r,m :
Proof. The proof, which is similar to the one given in [K-L, Prop. 3.7], is omitted.
for k = 1, ..., m + 1, with the last equality because of (4.5). Hence ker(β)
This is the case when k = m again because W −m−1 = 0. Putting all these ideas together, we obtain the following.
the converse is true if β is surjective; more precisely: the converse is
for all k = 1, . . . , m − 1, then there is a short exact sequence
Note that λ 1 is automatically injective when r = m by the theory of the Picard variety, so that d 1 (ker(α 1 )) = 0 in this case. Since β is an isomorphism here, we deduce 
. Assuming β is surjective, then Theorem 4.9(iii) we deduce the short exact sequence
Recalling U = X\Y of dimension d, we have that
where the denominator term H 2r−1 Y (X, Q(r)) in the jacobian is identified with its image in H 2r−1 (X, Q(r)), which apparently coincides with Gy H 2r−3 (Y [1] , Q(r−1)) by a standard mixed Hodge theory argument (Deligne) . Taking limits, we arrive at the short exact sequence
where
is the p-th coniveau filtration. However, if for example r = d, then using the fact that a zero-cycle on a projective variety is homologous to zero if and only its degree is 0, we see β is surjective in this case, and that
owing to the fact that any finite set of points on X lies on a smooth divisor in X. Therefore we arrive at the following result.
is surjective.
Example 4.13. The case r = m = 2. We observe that ker(λ 1 ) = 0, and that β is an isomorphism. Thus from Theorem 4.9(iii) and (4.5), we arrive at the short exact sequence
We have
There is an exact sequence
and recall we have 
under the product on the higher Chow groups, and
is surjective if and only if
, is injective 3 . In summary, Corollary 4.14.
.
(See also Corollary 6.5.)
In particular, lim(cl 2,2 ) above is surjective if CH 2 ind (X, 1; Q) = 0. We recall Bloch's conjecture which says in the case that X is a surface, p g (X) = 0 ⇔ the Albanese map κ : CH 2 deg 0 (X) → Alb(X) is an isomorphism. Equivalently, this amounts to saying that p g (X) = 0 ⇔ the motive of X degenerates. The degeneration of the motive of X implies that CH 2 ind (X, 1; Q) = 0 ( [CS] ). So according to Bloch's conjecture, if X is a surface with p g (X) = 0, then lim(cl 2,2 ) is surjective.
Amending the Beilinson-Hodge conjecture
For any smooth quasi-projective variety U/C of dimension d we consider the following three regions for the pair (r, m) (see 
and that B {P,Q} (W ) × P k is an irreducible component of Y [m−1] . Then with regard to diagram (4.6), β is an isomorphism, and yet for k = d−r there is a class
• of the form {0−cycle} × P k , for which
. To see why α 1 (ξ) = 0, observe that since W −1 has negative weight, it suffices to show that the values of α 1 (ξ) map to zero in J(Gr
, which in the end involves the mixed Hodge structure of
is a union of smooth hypersurfaces of dimension r − m + k. Since by Lefschetz, the cohomology of hypersurfaces is only "nontrivial" in the middle dimension, and in light of the description of Gr 
Integral coefficients I
This section serves as a necessary forerunner to Section 7. Along the way we prove some results that are either new, or appear to be known only among experts. Let X/C be a smooth projective variety and Y ⊂ X a proper subvariety. There is a short exact sequence
where, for notational simplicity, we write H
(X, Z(r))), and let
Let us assume for the moment that
is torsion-free. Except for the obvious case 2r − m = 0 this also holds in the following two cases:
(i) 2r − m = 1. Here
is torsion-free, as can be seen from the long exact sequence of cohomology of X associated to the short exact sequence
(ii) 2r−m = 2. Let Y be a divisor such that the image H 2 Y (X, Z(2)) → H 2 (X, Z (2)) is precisely the algebraic part H 2 alg (X, Z (2)). Then by the Lefschetz (1, 1) theorem, H 2 (X, Z(2)) H 2 alg (X, Z (2)) is torsion-free, and (2)) is isomorphic to this group.
Then by purity of negative weight and torsion-freeness,
Corresponding to this is a commutative diagram (use the fact that cycle class maps are compatible with localization sequences for the left-hand square, and the commutativity of the right-hand square can be deduced from an extension class interpretation of the Abel-Jacobi map (see [KLM] )) (6.2)
. Example 6.3. Suppose that r = m = 1. Then β and AJ are isomorphisms, hence the same holds for cl 1,1 by (6.2). If we make the identifications CH 1 (X, 1) ≃ C × , CH 1 (X\Y, 1) = O × X\Y (X\Y ), then we arrive at the short exact sequence
where cl 1,1 = d log is well-known (see [KLM] ). This is also a consequence of the identification
The surjectivity of d log in this case is also proven in [A-K].
Example 6.4. Suppose that (r, m) = (2, 1), and Y = Y 1 ∪· · ·∪Y n ⊂ X is a divisor. We observe that there is a short exact sequence
where the first term may be identified with (2)) by [Ja2, Lemma 3.1]. (In loc. cit. this is formulated in terms of K-theory, but because of the particular indices, it gives exactly this result.) We therefore obtain a short exact sequence (using the fact that β factors through Deligne cohomology)
so that the snake lemma applied to (6.2) yields an exact sequence
When taking limits over Y in the above example α becomes surjective, and lim(cl 2,2 ) = d log 2 in Section 1. So using the description of ker(β) for each Y above we obtain the following result.
Corollary 6.5.
Let us now consider the general situation of (r, m) with m > 0, so that we have the diagram (6.2) tensored with Q. Then β ⊗ Q need not be surjective; moreover a detailed description of this map when Y is a NCD leads to the same kind of analysis as in Section 4. Recall that by a weight argument, ΓH 2r−m (X\Y, Q(r)) = 0 for r ≤ m − 1. With this in mind let us assume that r ≥ m. Then as Y ⊂ X ranges over all pure codimension one subvarieties, the image of α in (6.2) is CH r hom (X, m − 1) because of dimensions. Referring to (6.2) Q , let us put (6.6)
where Y ⊂ X ranges over all pure codimension one 4 algebraic subsets of X. Note that from Example 6.4, N 1 CH 2 (X, 1; Q) = CH 2 dec (X, 1; Q).
4 Working with subvarieties of higher pure codimension, this gives rise to a descending filtration {N p CH i (X, j; Q)} p≥0 which is finer that the coniveau filtration on CH i (X, j; Q). 
Assuming the Hodge conjecture, we can find
is induced by w (see [Lew, Prop. 7.4] ). Note that
hom ( Y , m − 1; Q) → ker β Q , where β Q := β ⊗ Q. Let us similarly write (6.2) Q for (6.2) tensored with Q, and let
be the (full) Abel-Jacobi map. Referring to (6.2) Q , we deduce from the Hodge conjecture that 
Taking the direct limit over Y we obtain a short exact sequence
Corollary 6.9. Assume the Hodge conjecture and let r ≥ m. Then
Remark 6.10. (i) Note that Corollary 6.9 for m = 1 is essentially a conjectural type question of Jannsen [Ja3, p.227] .
(ii) Let us (again) take the direct limit over Y of diagram (6.2) Q . By applying the snake lemma to the limit diagram, we deduce (unconditionally) that for r ≥ m,
, is injective, which in turn implies by a generalization of Beilinson rigidity theorem given in [MS] that
is countable for m ≥ 2. Note that in the case r = m = 2, we have
where CH 2 ind (X, 1; Q) was defined in Example 4.13, and the statement of countability of CH 2 ind (X, 1; Q) is a conjecture of Voisin.
Integral coefficients II
As always, X/C is a smooth projective variety. This section concerns the following integrally defined map:
mentioned in Section 1. Of course, d log m ⊗Q = lim(cl m,m ). We shall prove in this section that H m (C(X), Z(m)) is torsion-free, so that by a weight argument
Clearly, if d log m is surjective then so is lim(cl m,m ), but we shall show that the converse also holds. In fact, we expect the following to be true:
Conjecture 7.2. The map in (7.1) is surjective.
For the moment, let us restrict to the case r = m = 1. It is then easy (and also follows from Example 6.3) that
is surjective, with divisible kernel: ker(d log) = C × . Thus for any integer l = 0,
If U is a Zariski open part of X, then there is an exact sequence
Indeed, from mixed Hodge theory (see [De] (Cor. 3.2.13(ii)), the restriction map induces an isomorphism
. (1)) is surjective; moreover by a weak purity argument, (1)). (1)), and hence by a localization sequence argument, the aforementioned identification H 2 D (U, Z(1)) = CH 1 (U). Next, by shrinking U, and using that CH 1 (Spec(C(X)) = 0, we obtain from (7.3) and (7.4) a short exact sequence
This together with the surjectivity of CH
1 (X) → CH 1 (U), implies that the restriction map H 2 D (X, Z(1)) → H 2 D (U, ZH 2 D,X\U (X, Z(1)) ≃ H 2 X\U (X, Z
Via the Deligne cycle class maps, we have identifications, CH
where the last term is uniquely divisible. Hence, for l = 0, we find an isomorphism
Next, we observe that H 2 (C(X), Z (1)) is torsion-free, since by the Lefschetz (1, 1) theorem the torsion in H 2 (X, Z (1)) is algebraic. This implies that
Finally, we deduce the well-known fact
To see this in another context, let us work in theétale topology on a variety V /C, and consider the sheaf µ l on V , where for U → Vétale,
where Ω 1 C(X)/C are the Kähler differentials, which induces the short exact sequences
Thus going from theétale to Betti cohomology with finite coefficients can be traced via the isomorphisms:
is an isomorphism. 5 In our situation, this translates to saying Theorem 7.6. For m ≥ 0, the map
is an isomorphism for any integer l = 0.
We can now prove the following result. Note that part (i) for i = 1 is immediate from the short exact sequence (6.1), and for i = 2 follows from the Lefschetz (1, 1) theorem.
In the case r = m we deduce Corollary 7.10.
is torsion-free. Hence we have an injection of torsion subgroups
Remark 7.11. Conjecture 7.2 would imply that the maps AJ in Corollaries 7.9 and 7.10 are injective. Let j : Y ֒→ X be the inclusion of a NCD Y (with smooth components). Then
Decomposables
Note that CH r−1 (Y, m − 1; Q) can be calculated from the simplicial complex
. 
Proof of Proposition 8.1. Consider the exact sequence
In the weight filtered spectral sequence obtained from (3.2) involved in computing CH r (X\Y, m) we can restrict our attention to those Z i,j
, −j) with i ≤ −1, which converges to CH r−1 (Y, m− 1). It also exists for CH r (X, m − 1) (using the column where i = 0). We use indices to distinguish between the various spectral sequences.
Note that
= CH r (X, m − 1) and that for ℓ ≥ 1,
as its target is trivial. Non-canonically, we have
and
with the last term isomorphic with j * (ker(∂ Y R )). One has a commutative diagram 
under the product where
X . Remark 8.7. It is not clear if equality holds in the above proposition.
Proof of Proposition 8.6. Consider
Also a ≤ b and s ≤ t ⇒ r = a + s ≤ b + t = m − 1, which is not the case as we are assuming r ≥ m. Therefore we can assume say s > t. Next, if t = m − 1, then b = 0, and thus a > 0 = b implies ξ 1 is supported on a divisor in X. This scenario can be handled in the same way as in the case where we assume that s > t and t < m − 1. Namely, since s > t, we can assume that ξ 2 is supported on some Y ⊂ X of codimension 1 ≤ s − t, and by the surjectivity of σ Y , * in diagram (8.5), we can assume without loss of generality that Y ⊂ X is a NCD. Thus for some ξ
Since X is smooth, we have the product ( [Bl] ): ([De] , Cor. 3.2.13 and 3.2.14) implies that
where Ω 2 X Y is the sheaf of rational 2-forms on X, regular on U with logarithmic poles along Y . In particular if we denote by H(U), the space of regular algebraic 2-forms on U with Q(2)-periods, then
and where we allow for the possibility that the left hand side of (9.1) is non-zero. Let Z(Y ) be the singular set of Y . For each Y j we choose distinct points {P j , Q j } ⊂ Y j \{Y j ∩ Z(Y )}. Now let's modify X by blowing it up along {P 1 , Q 1 , ..., P n , Q n } and call this X ′ . So in particular the strict transform
we have for each j = 1, ..., n an interesting real 2-cycle γ j obtained as follows: Take the complement of a small disc in the blowup of P j , the complement of a small disc in the blowup of Q j , and a small tube in X\Y along a path in Y j from P j to Q j that so that the end circles meet the circles of the two previous parts. Then by a standard residue argument, integrating an element ω ∈ H(U ′ ) against γ j gives us essentially 2πi times the integral along the part in Y j from P j to Q j of the residue of ω along Y , where we observe that ω restricts to zero on the other two parts of γ j , viz., there are no non-zero holomorphic 2-forms living on any subset of P 1 . Note that this integral is determined by the finite dimensional Qvector space of residues on Y . So pick P j and Q j sufficiently general in Y j so that we can never end up in Q(2) with this integral except with the trivial residue. Then doing this for all j = 1, ..., n, we arrive at U ′ for which ΓH 2 (U ′ , Q(2)) = 0, using the fact that
with corresponding family {U [KLM] ).
where the latter equality stems from Hodge type considerations. Now referring to (4.5), we fulfill a promise made earlier, viz., Theorem 10.1. The diagram (4.5) is commutative. Specifically,
Proof. We have to unravel the definitions. We use the simplicial complex Y [•] → Y ֒→ X as a way of describing W j H 2r−m (U, Q(r)). Let is in the image of ξ ∈ W 0 . Likewise ξ 0 is in the image of some ξ C ∈ F 0 W 0,C . The difference ξ − ξ C ∈ W −1,C maps to a class in J W −1 which defines the Abel-Jacobi image of γ in J W −1 . We can assume that ξ − ξ C is represented by the D-closed m-tuple:
with Gy(ξ 0 ) = ∂ξ 1 . The corresponding value h 1 • α 1 (γ) ∈ J Gr W −1 is given by the Abel-Jacobi membrane integral ξ 1 (−), as the Hodge contribution given by ξ 
